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COMPARISON OF INVARIANT FUNCTIONS ON
STRONGLY PSEUDOCONVEX DOMAINS
NIKOLAI NIKOLOV
Abstract. It is shown that the Carathe´odory distance and the
Lempert function are almost the same on any strongly pseudocon-
vex domain in Cn; in addition, if the boundary is C2+ε-smooth,
then
√
n+ 1 times one of them almost coincides with the Bergman
distance.
1. Introduction and results
Let D be a bounded domain in Cn. Recall that the Bergman distance
bD is the integrated form of the Bergman metric βD, i.e.
bD(z, w) = inf
γ
∫ 1
0
βD(γ(t); γ
′(t))dt,
where the infimum is taken over all smooth curves γ : [0, 1]→ D with
γ(0) = z and γ(1) = w. Note that
βD(z;X) =
MD(z;X)
KD(z)
, z ∈ D, X ∈ Cn,
where
MD(z;X) = sup{|f ′(z)X| : f ∈ L2h(D), ||f ||D = 1, f(z) = 0}
and
KD(z) = sup{|f(z)| : f ∈ L2h(D), ||f ||D = 1}
is the square root of the Bergman kernel on the diagonal.
The Kobayashi distance kD is the largest distance not exceeding the
Lempert function
lD(z, w) = inf{tanh−1 |α| : ∃ϕ ∈ O(D, D) with ϕ(0) = z, ϕ(α) = w},
where D is the unit disc. Note that kD is the integrated form of the
Kobayashi metric
κD(z;X) = inf{|α| : ∃ϕ ∈ O(D, D) with ϕ(0) = z, αϕ′(0) = X}.
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Finally, the Carathe´odory distance is given by
cD(z, w) = sup{tanh−1 |f(w)| : f ∈ O(D,D) with f(z) = 0}.
Note that cD ≤ kD ≤ lD and cD ≤ bD.
Let now ∂D be C2-smooth. Recall that D is called strongly pseudo-
convex if for any p ∈ ∂D the Levi form of the signed distance to ∂D is
positive definite on the tangent space TCp ∂D.
Z. M. Balogh and M. Bonk [1, 2] introduce a positive function gD on
D×D which depends on dD = dist(·, ∂D) and the Carnot-Carathe´odory
metric on ∂D. Estimating κD, they prove that the function gD − kD is
bounded on D × D (see [2, Corollary 1.3]). If D ⊂ Cn is C3-smooth,
then the same result for cD and bD/
√
n+ 1 is announced in [1] with-
out proof (see also [2]); this means that the differences kD − cD and
kD − bD/
√
n + 1 are bounded on D ×D.
Recall another result in this direction due to S. Venturini [10, The-
orem 1]:
If D is a strongly pseudoconvex domain in Cn, then
(1) lim
z→∂D
z 6=w
cD(z, w)
kD(z, w)
= 1 uniformly in w ∈ D.
Our first observation can be considered as a version of Lempert’s
theorem (see [6, Theorem 1]), saying that lD = cD on any convex do-
main D. In fact, this observation tells us that the Balogh-Bonk results
hold even for lD and cD, i.e. these two functions are almost the same
on any strongly pseudoconvex domain in Cn.
Proposition 1. If D is a strongly pseudoconvex domain in Cn, then
the difference lD − cD is bounded on D ×D.
Proof. It is enough to show that
lim sup
z→p,w→q
(lD(z, w)− cD(z, w)) <∞,
where p ∈ ∂D and q ∈ D.
If p 6= q, this a consequence of the estimate
(2) 2lD(z, w) ≤ − log dD(z)− log dD(w) + c, z, w ∈ D
(see [9, Theorem 1]) and the Vormoor-Fadlalla-Abate estimate
(3) 2cD(z, w) ≥ − log dD(z)− log dD(w)− c, z near p, w near q
(cf. [5, Theorem 10.2.1 and Remark 10.2.2 (b)]), where c > 0 is a
constant.
When p = q, we shall use that, according to the Fornaess embedding
theorem (see [3, Proposition 1]), there exist a holomorphic map Φ from
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a neighborhood of D to Cn and a strictly convex domain G ⊃ Φ(D)
such that, near p, Φ is biholomorphic and ∂G = ∂Φ(D).
Now we may choose a neighborhood U of p such that Φ is biholo-
morphic on U and G′ := Φ(D ∩ U) is a strictly convex domain. Set
z′ = Φ(z) and w′ = Φ(w). Then, by Lempert’s theorem and the Balogh-
Bonk result,
lD(z, w) ≤ lD∩U(z, w) = lG′(z′, w′) ≤ gG′(z′, w′) + c = gG(z′, w′) + c
≤ lG(z′, w′) + 2c = cG(z′, w′) + 2c ≤ cD(z, w) + 2c, z, w near p. 
A similar result to Proposition 1 holds for bD/
√
n + 1 instead of cD,
i.e. lD and bD/
√
n + 1 almost coincide on any strongly pseudoconvex
domain in Cn.
Proposition 2. If D is a C2+ε-smooth strongly pseudoconvex domain
in Cn, then the difference lD − bD/
√
n + 1 is bounded on D ×D.
Proof. We have to show the boundedness of the difference bD/
√
n+ 1−
gD. By [2, Theorem 1.1], this is a consequence of the following estimate
for βD = MD/KD :
(4) e−Cd
s
D
(z)AD(z;X) ≤ βD(z;X) ≤ eCdsD(z)AD(z;X),
where
AD(z;X) =
||Xn||
4d2D(z)
+
Lqz(Xt)
dD(z)
,
s = min(ε/2, 1/2), C > 0 is a constant, z is near ∂D, qz ∈ ∂D is the
closest point to z, Lqz is the Levi form of −dD at qz, and Xn and Xt are
the complex normal and tangential components ofX at qz, respectively.
The estimate (4) follows by the next estimates for KD and MD :
e−Cd
s
D
(z)BD(z) ≤ K2D(z)eCd
s
D
(z)BD(z),
e−Cd
s
D
(z)AD(z;X)BD(z) ≤ MD(z;X) ≤ eCdsD(z)AD(z;X)BD(z),
where
BD(z) =
n!
4pin
.
Πqz
dn+1D (z)
,
and Πqz is the product of the eigenvalues of Lqz .
Theorem B in [7] gives the estimate (4) for κD instead of βD with
s = 1/2 if ∂D is C3-smooth (see also [2, Proposition 1.2] for a weaker
estimate in the C2-smooth case). Since KD and MD are monotone
under inclusion of domains in Cn, the above estimates for these invari-
ants can be obtained in the same way as [7, Theorems A and B] by two
changes. The first one is the replacing of the localization [7, (2.6)] for
κD (see also [2, (4.10)]) by Lemma 3 below (in fact, there the weaker
inequalities ≥ 1+cdsD(z) are enough). The C2+ε-smoothness instead of
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C3- reflects to the second change: the exponent 3/2 in the inequality
|M(w)| ≤ C|w1|3/2 on the bottom of [7, p. 334] is replaced by 1 + s
and then the inequality
∣∣||Ψ(w)||2− 1∣∣ ≤ C√u on the top of [7, p. 335]
becomes
∣∣||Ψ(w)|| − 1∣∣ ≤ Cus.
Lemma 3. Let q be a strongly pseudoconvex boundary point of a pseu-
doconvex domain D (not necessary bounded) and let U be a neighbor-
hood of q. There exist a neighborhood V ⊂ U of q and a constant c > 0
such that if z ∈ D ∩ V and X ∈ (Cn)∗, then
KD(z)
KD∩U(z)
≥ 1 + cdD(z) log dD(z),
MD(z;X)
MD∩U (z;X)
≥ 1 + cdD(z) log dD(z).
Proof. Since D is locally strongly convexifiable, shrinking U (if neces-
sary), we may assume that for any q˜ ∈ ∂D∩U there exists a peak func-
tion pq˜ for D∩U at q˜ such that |1−pq˜| ≤ c1|| ·−q˜||, where the constant
c1 > 0 does not depend on q˜. Take neighborhoods V ⊂ V1 ⋐ V2 ⋐ U of p
with the following property: if z ∈ D∩V, qz ∈ ∂D and ||qz−z|| = dD(z),
then qz ∈ V1. Note that 1 > c2 := supz∈D∩V supD∩U\V2 |pqz |. Using
Ho¨rmander’s L2-estimates for the ∂ operator (see [4, Theorem 2.2.1′])
provides a constant c3 > 0 such that for any k ∈ N, z ∈ D ∩ V and
X ∈ (Cn)∗ one has
KD(z)
KD∩U(z)
≥ |pqz(z)|
k
1 + c3ck2
,
MD(z;X)
MD∩U(z;X)
≥ |pqz(z)|
k
1 + c3ck2
(cf. the proof of [8, Theorem 2] which is a variation of the proof of [4,
Lemma 3.5.2]).
We may assume that dD < 1 on D∩V. Since |pqz(z)|k ≥ 1−c1kdD(z),
choosing k to be the integer part of log dD(z)/ log c2, we find a constant
c > 0 with the desired property. 
Finally, we point out the following
Proposition 4. Let D be a strongly pseudoconvex domain in Cn. Then
(5) lim
z→∂D
z 6=w
cD(z, w)
lD(z, w)
= 1 uniformly in w ∈ D.
and
(6) lim
z→∂D
z 6=w
bD(z, w)
kD(z, w)
=
√
n+ 1 uniformly in w ∈ D.
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Note that, since cD ≤ kD ≤ lD, (5) is a generalization of (1). On the
other hand, the proof of (5) uses (1).
Proof of (5). It is enough to show that
lim inf
z→p
w→q
z 6=w
cD(z, w)
lD(z, w)
≥ 1,
where p ∈ ∂D and q ∈ D.
If p 6= q, this is a consequence of the inequalities (2) and (3).
Let p = q. By [10, Proposition 3], we have that
(7) lim inf
z→p
w→p
z 6=w
kD∩U(z, w)
kD(z, w)
= 1
for any neighborhood U of p such that D ∩ U is connected. Choosing
U such that D∩U to be convexifiable, (1), (7) and Lempert’s theorem
imply that
lim inf
z→p
w→q
z 6=w
cD(z, w)
lD(z, w)
= lim inf
z→p
w→q
z 6=w
kD(z, w)
lD(z, w)
≥ lim inf
z→p
w→q
z 6=w
kD∩U(z, w)
lD∩U(z, w)
= 1.
Proof of (6). Due to K. Diederich and D. Ma (see e.g. [5, Theorems
10.4.2 and 10.4.6]), we have that
lim
z→∂D
βD(z;X)
κD(z;X)
=
√
n+ 1 uniformly in X ∈ (Cn)∗.
Let a > 1. Then we may find a neighborhood U of ∂D such that
aβD(ζ ;X) ≥
√
n+ 1κD(ζ ;X), ζ ∈ D ∩ U , X ∈ Cn.
For z ∈ D ∩ U and w ∈ D (w 6= z) choose a smooth curves γ :
[0, 1]→ D ∩ U with γ(0) = z, γ(1) = w and
a.bD(z, w) > inf
γ
∫ 1
0
βD(γ(t); γ
′(t))dt.
Set t0 = sup{t : γ([0, t]) ⊂ U}, t1 = inf{t : γ([t, 1]) ⊂ U} if w ∈ U
and t1 = 1 otherwise. Putting zˆ = γ(t0) and wˆ = γ(t1), it follows that
a.bD(z, w) >
√
n+ 1
a
[kD(z, zˆ) + kD(wˆ, w)] + bD(zˆ, wˆ)
≥
√
n+ 1
a
[kD(z, w)− kD(zˆ, wˆ)].
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If γ([0, 1]) ⊂ U , then
a.bD(z, w) >
√
n+ 1
a
kD(z, w).
Otherwise, zˆ, wˆ 6∈ U and then
abD(z, w) > bD(z, zˆ) ≥ inf
z˜ 6∈U
cD(z, z˜)→ +∞
as z → ∂D (cf. [5, Theorem 10.2.1]).
Since sup
z˜,w˜ 6∈U
kD(z˜, w˜) < +∞, we get that
lim inf
z→∂D
z 6=w
kD(z, w)
bD(z, w)
≥ a
2
√
n+ 1
uniformly in w ∈ D.
The opposite inequality
lim inf
z→∂D
z 6=w
bD(z, w)
kD(z, w)
≥
√
n + 1
a2
(uniformly in w ∈ D)
follows in the same way.
To obtain (6), it remains to let a→ 1.
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